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Abstract: We present a new method to fit a curve through a set of unordered points in 3D space. The method first
computes the distance of each point to an end point in the longest path in the MST. This distance is then used
as a predictor in a LOWESS regression where the number of neighbors is locally chosen on basis of a linearity
index. Apart from computing a fitted curve, the method can also be used to order the points in the cloud.
Compared to other approaches based on thinning, subsampling and spline interpolation, our method has the
advantages of simplicity, that it does not depend on a good guess for parameters, and that it automatically
yields a natural order on all points by assigning each point a hidden time value.

1 INTRODUCTION

In recent decades, a number of sensor techniques for
computer vision have been developed that do not yield
frame based pixel arrays, but point clouds, i.e., a col-
lection of points with three spatial dimensions. Some
of these sensors, for example stereo DVS (Pohle-
Fröhlich et al., 2024), also yield a time stamp for
each point. For other sensors, for example AT-TPC
(Ayyad et al., 2020), the time resolution is too low for
measuring the time information, but the points are at
least recorded in correct time order. And there is a
third group of sensors that do not record time infor-
mation at all, for example airborne LIDAR (Lohani
and Ghosh, 2017), or CR-39 plastic nuclear track de-
tectors (Kodaira et al., 2016). Moreover, point clouds
without time information can also occur as the re-
sult of numeric procedures, for example the theoreti-
cal computation of stagnation points in the magneti-
cally induced current density field of atomic models,
which must be ordered for further processing (Dim-
itrova et al., 2025).

In the present article, we address the problem of
ordering the points in such point clouds along an
unknown curve x⃗(t) and fitting a curve through the
points. The points in the point cloud are thus assumed
to randomly scatter around some curve x⃗(t) where the
time t is an unknown hidden variable. Neither the
shape of the curve x⃗(t) is known, nor its parametric
form, but we assume it to have no self-intersections.
The point clouds recorded by the above sensors gen-
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erally contain many more points than can be associ-
ated with a single curve. We therefore assume that
the point cloud has already been pre-processed with
a segmentation algorithm, and that the input points
for our algorithm actually all scatter around a sin-
gle curve. Such a segmentation can be done with,
e.g., TriplClust (Dalitz et al., 2019b), or density based
clustering methods like DBSCAN (Ester et al., 1996)
or MST splitting (Arning et al., 2025).

The lack of time information makes fitting a para-
metric curve x⃗(t) problematic, because local regres-
sion methods like LOWESS (Cleveland, 1979) or
moving least squares (Amirfakhrian and Mafikandi,
2016) rely on the time information as a predictor vari-
able. A common approach to circumvent this prob-
lem is to thin out the point cloud and do a spline
interpolation through the remaining few points. The
thinning can be done, e.g., by sub-sampling (Sabsch
et al., 2017; Zhao et al., 2011), by sampling from a
local 2D regression made on projections on a locally
fitted plane (Lee, 2000), or by choosing centers of
clusters returned by some clustering algorithm (Yan,
2001; Peng et al., 2022). As the resulting curves are
quite sensitive to the number of support points, there
are further algorithms that improve an initial curve by
some optimization scheme (Zhao et al., 2011; Rup-
niewski, 2014). These algorithms, however, sidestep
the problem of ordering the original points and com-
pute the curve only from a thinned out point set.

We propose a new method to order the points ac-
cording to the edge distance to the endpoint of the
longest path in the Euclidean minimum spanning tree
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Figure 1: Longest path (red) in the Euclidean MST and the
resulting edge distances from one of its end points.

(MST) of the data points. This distance can not only
be used for ordering the points, but it can also serve
as a predictor in a LOWESS local regression. For
choosing the neighborhood size of the local regres-
sion, we suggest to base it on a linearity index that is
computed from the eigen values of the covariance ma-
trix of the neighborhood. The LOWESS fit can then
be further utilized to improve the initial ordering of
the points. The new method is tested on a number
of point clouds, both from real world sensor data and
simulated point clouds. In comparison to the algo-
rithm by Lee (Lee, 2000), it turned out that our algo-
rithm not only has a smaller runtime complexity, but
is also more robust with respect to lack of smooth-
ness in the data and still yields results in presence of
gaps or sharp bends, which are situations where Lee’s
algorithm turned out to fail.

Although our algorithm is devised for unordered
point clouds, it can also be used for fitting a curve
through an already ordered point cloud. In this case,
the MST should be replaced with the directed MST
(Chu, 1965; Edmonds, 1967) so that the original point
order is taken into account.

2 OUR ALGORITHM

Our algorithm consists of three steps: First, the num-
ber of edges (“distance”) from each point in the MST
to an end point of the longest path is computed. This
distance is then used as a value for the unknown hid-
den time stamp of each point, which can be used for
ordering the points. Moreover, it can be used as a pre-
dictor in a LOWESS local regression which yields a
fitted curve. In an optional final step, the integer time
stamps are refined by an orthogonal projection on the
LOWESS fit, which can be used for tie breaking in
the ordering or for recomputing an improved local re-
gression.
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Figure 2: Increase of the multiplicity index µ when the num-
ber of points n on a fixed length increases. The black line
fits the model µ = α

√
n+β

2.1 Ordering by edge distance

First, the Euclidean minimum spanning tree (MST)
of all points is computed. The usual algorithms for
computing the MST require the distance matrix for
all points as an input and thus have a runtime com-
plexity of O(n2), where n is the number of points. For
the special case of the Euclidean distance, however,
this runtime can be reduced to O(α(n)n logn) (March
et al., 2010), where α(n) is the inverse of Acker-
mann’s function which is a very slowly growing func-
tion (α(n)≤ 4 for n ≤ 1080). Although the Euclidean
distance between the points was used for creating the
MST, we subsequently ignore the edge weights af-
ter the MST has been built and subsequently measure
“path length” only in the number of edges that the
path contains.

Then, an endpoint of the longest shortest path in
the MST must be found. The length of the longest
shortest path in a graph is also known as its “diame-
ter”. For trees, the longest shortest path is simply the
longest path and it can be found in linear time by two
breadth first searches (BFS) (Uehara and Uno, 2007):

1. Start a BFS from an arbitrary point in the graph.
The farthest point found is one endpoint of the
longest path.

2. The other end point is found with a BFS from the
endpoint obtained in the first step.

As we are only interested in one end point, a single
BFS is sufficient to find an end point s.

Eventually, we compute for each point pi its edge
distance ti with respect to s, which is the length of
the shortest path between s and pi. This can be done
with a single BFS starting from s: The edge distance
is simply the iteration step in the BFS during which
the point is found (see Fig. 1).

Note that the same edge distance usually is as-
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signed to more than one point. Actually, the average
frequency µ among the edge distances (the multiplic-
ity index) can be used to draw conclusions about the
point density. As can be seen in Fig. 2, the multi-
plicity index is proportional to the square root of the
number of points per curve segment.

2.2 LOWESS fit

For fitting a curve x⃗(t) through the points, we ap-
ply the classic locally weighted regression known as
LOWESS (Cleveland, 1979). We use the previously
computed time stamps ti as a predictor and consider
the three spatial coordinates pi = (x(i)1 ,x(i)2 ,x(i)3 ) as re-
sponse variables.

This means that, for each prediction time t and
each spatial component x j, we estimate the coeffi-
cients β0, . . . ,β2 of a second degree polynomial fit by
minimizing the weighted sum of squares ( j = 1,2,3)

k

∑
i=1

wi(t)
(

x(i)j −β0 −β1(t − ti)−β2(t − ti)2
)2

(1)

The weights suggested by Cleveland are

wi(t) =


(

1−
∣∣∣ ti−t

hk(t)

∣∣∣3)3

for
∣∣∣ tk−t

hk(t)

∣∣∣< 1

0 else
(2)

where hk(t) is the distance |t−tk| between t and the k-
th farthest predictor value tk. To make the fitting more
robust with respect to outliers, there is an additional
smoothing iteration, for which the interested reader is
referred to (Cleveland, 1979).

The quality of the LOWESS regression depends
critically on the number k of neighbors used for the
cutoff point in Eq. (2). All library implementations,
for example the function loess in base R, use a fixed
number that is specified as a fraction of the total num-
ber of points. This approach does not work in our
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Figure 3: Example for the LOWESS curve with and without
scaling the initial ∆t with the multiplicity index µ.
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Figure 4: Example for smoothing out outliers in the window
width ∆t.

case, because it would lead to gross oversmoothing in
case of long curves.

We therefore did not use a global number of neigh-
bors, but used a time window [t −∆t, t +∆t] instead
that depends on the position t at which x⃗(t) is to be
evaluated. This means that hk(t) = ∆t in Eq. (2). To
compute ∆t, we first set it to a starting value ∆t0 that is
then optimized with respect to a linearity index of the
points in the time window [t −∆t, t +∆t]. For sparse
point clouds, we found ∆t0 = 5 to be a good start-
ing point, but, for denser point clouds, this was too
small and resulted in overfitting. We therefore multi-
ply it with the multiplicity index µ, which results in a
smoother fits, as can be seen in Fig. 3.

As an optimization criterion for ∆t, we used the
following linearity index defined in (Hackel et al.,
2016), which is based on the two largest eigen values
λ1 > λ2 of the covariance matrix of the points:

linearity =
λ1 −λ2

λ1
(3)

If we search for the maximum linearity in a
straightforward way by increasing ∆t with step width
one and then stop when the linearity decreases, only a
local optimum is found which typically results in too
small values for ∆t. Therefore we allow the linear-
ity for ∆t +1 to be lower than the previous maximum
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linearity by a value of 0.025 but only up to ∆t + 5.
This resulted in greater window widths and smoother
curves.

In order to avoid implausible results for ∆t at sharp
bends in the curve, we imposed an additional con-
straint in the optimization algorithm: The orthogonal
regression line1 of the points for window width ∆t+1
must point in a similar direction as the regression line
of the previous width ∆t. If this constraint is violated
for ∆t > ∆t0 + 10, the optimization is stopped. As a
threshold for the angle between “similar” directions,
we used π/4.

As can be seen in the orange curve in Fig. 4, this
algorithm for determining ∆t can result in some out-
liers like the peak at t = 63 that can result in kinks
in the fitted LOWESS curve. We therefore finally
smooth the curve with a moving average with a win-
dow width of ±3.

2.3 Time stamp refinement

In this optional final step we refine the integer time
stamps which were calculated from the MST. To this
end, we project each point pi onto the LOWESS fit.
As the LOWESS fit is a non-parametric curve, there
is no closed form solution for the projection of a point
onto the fit. We therefore simply find the closest point
on the curve x⃗(t) sampled between t−2 and t+2 with
a sampling width of 0.1. The corresponding times-
tamp then replaces ti as the time stamp for pi. Fi-
nally, the LOWESS fit is recalculated with the new
time stamps.

3 LEE’S ALGORITHM

As a reference algorithm against which to compare
our algorithm, we have chosen Lee’s algorithm (Lee,
2000) because it is the most cited algorithm for curve
fitting from unordered point clouds: In July 2025,
Google Scholar listed about 400 citations for (Lee,
2000), versus about 50 citations for (Yan, 2001), and
only single digit numbers for the other methods (Sab-
sch et al., 2017; Zhao et al., 2011; Rupniewski, 2014;
Peng et al., 2022). There were already some open
source implementations available, but only for 2D
data, and one implementation by a github-user “ali-
adnani” for 3D data2. Although its description ex-
plains that it is “heavily based on” the paper by Lee,

1The direction of an orthogonal least squares fit is the
eigen vector to the largest eigen value of the covariance ma-
trix.

2https://github.com/aliadnani/curves with the last com-
mit in Nov. 2020

the implementation deviates in considerable ways and
no documentation or rationale for the differences is
given. We therefore created our own implementation
exactly according to the description in (Lee, 2000).

Lee’s algorithm consists of three steps. In the first
step the point cloud is thinned using the moving least-
squares method which moves every point onto a 2D
weighted regression curve computed from its neigh-
bors in a radius H projected on the plane that has been
fitted through these neighbors. Lee emphasizes that a
fixed H has several drawbacks and proposes a variable
H which is increased if the correlation of the neigh-
borhood is too small.

In the second step support points for the curve fit
are sampled from the moved points. The sampling be-
gins from a random point. Its neighbors in a radius h
are split into two groups according to their projection
on the direction of the regression line fitted with or-
thogonal least squares. The splitting point is the pro-
jection of the reference point. The farthest point with
respect to the reference point is chosen in each group
as a support point. Those new support points are then
used as new start points to find further support points.

In the last step, an exact spline is fitted through the
support points.

4 RESULTS

We have tested our algorithm both on simulated point
clouds and on real data that were recorded in third
party projects and that were kindly provided to us.
The data were AT-TPC data from experiments in nu-
clear physics provided by Yassid Ayyad and preseg-
mented by TriplClust (Dalitz et al., 2019a), insect
trajectories recorded in the Bee Vision project and
provided by Regina Pohle-Fröhlich (Pohle-Fröhlich
et al., 2024) and presegmented with the algorithm de-
scribed in (Arning et al., 2025), and numerically com-
puted of magnetically induced current density field
stagnation points in molecule structures provided by
Maria Dimitrova (Dimitrova et al., 2025) and preseg-
mented by TriplClust.

As there were no ground truth curves x⃗(t) avail-
able for the real data, we could not assess the accuracy
of our method in comparison to the method by Lee
and could not measure its robustness with respect to
a controlled change in the spread of the points around
the curve in the data. To this end, we have addition-
ally simulated the following three curves:

a⃗(t) =
(

t · cos(2t), t,2t
)
+ ε⃗ (4)

b⃗(t) =
(

3 · cos(5t),10t,10t/π

)
+ ε⃗ (5)
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Figure 5: Examples of our algorithm applied to real data.
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Figure 6: Examples of Lee’s algorithm applied to the same real data as in Fig. 5.

c⃗(t) =
(

cos(20t),sin(20t),5t
)
+ ε⃗ (6)

with t ∈ [0,1] and ε⃗ are iid random numbers in a cube
centered at the origin with edge length 2r.

4.1 Real data

For the magnetic field stagnation points, we have only
tested the ordering because fitting a curve is of no in-
terest in this case (Dimitrova et al., 2025). An ex-
ample with three curves and noise as segmented by
TriplClust is shown in Fig. 7. Dimitrova et al. or-
dered the points by an orthogonal projection on the
line fitted via orthogonal least squares. Our algorithm
obtained exactly the same orders in all cases. This is
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Figure 7: Magnetically induced current density field stag-
nation points of a Furan molecule split by TriplClust into
groups representing single curves.

refinement AT-TPC a AT-TPC b BeeVision
without 0.99897 0.99955 0.99982
with 0.99942 0.99957 0.99986

Table 1: Spearman correlation ρ between the true point or-
der and the order estimated by our algorithm.

a very simple example, of course, but our algorithm
has the advantage of applicability in more complex
situations, too.

Examples for the application of our algorithm on
AT-TPC data and data from the BeeVision project can
be seen in Fig. 5. For all three examples, our algo-
rithm fits a smooth curve through all points of the
point clouds. Since the order of the points is known in
these data sets, we can evaluate the conformity of our
point order with the ground truth data. The resulting
values for Spearman’s ρ are shown in Tbl. 1. The re-
finement indeed improved the ordering in all cases, al-
beit only slightly. Note that all values are very close to
one, which means that the estimated ordering is very
close to the true order.

In Fig. 6, the same examples can be seen after the
application of Lee’s algorithm. The curves fits are
smooth, too, but in Fig. 6c a problem of Lee’s al-
gorithm becomes apparent: If the curve has a sharp
bend, the sampling step of Lee’s algorithm fails to
find further support points that are in the direction
of the regression line. It therefore terminates without
covering the complete point cloud.
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Figure 8: Fréchet Distance as a function of the spread r for curves simulated according to Eqs. (4)-(6).
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Figure 9: Spearman correlation ρ between the estimated and true point order as function of the spread r for curves simulated
according to Eqs. (4)-(6).

4.2 Simulated data

For a quantitative comparison with Lee’s algorithm,
we additionally tested our algorithm on the simulated
curves according to Eqs. (4)-(6). As the true curves
are known in these simulations, we can compute the
Freéchet distance between the estimated curve and the
true curve. The Fréchet distance is robust with respect
to reparametrizations t → α(t) of the curves, because
it is the infimum of the maximum distance between
the curves over all reparametrizations:

F (⃗x, y⃗) = inf
α,β

max
t

∥∥∥⃗x(α(t))− y⃗(β(t))
∥∥∥ (7)

For sampled curves, the Fréchet distance can be
efficiently computed in O(nm), where n and m are
the number of sample points in the curves (Eiter and
Mannila, 1994).

The median Fréchet distance of 100 simulations
per spread r for each of the three curves is shown in
Fig. 8. Note that Lee’s algorithm had problems with
early termination for the first simulated curve. We
removed all values for which this problem occurred
to give a fairer comparison. For the third simulated
curve, however, the problems of Lee’s algorithm were
so severe that no real comparison could be made and
we omitted the results for Lee’s algorithm in Fig. 8c.
We can nevertheless still compare the cleaned results

for the first simulated curve and the results for the sec-
ond simulated curve.

The refinement step improved the accuracy of the
estimated curve in all three cases. With refinement,
our algorithm performs better than Lee’s for curve
a⃗(t), and comparable for curve b⃗(t). As our algo-
rithm has the additional advantage that it is more ro-
bust and resulted in complete fits in all cases, we con-
clude that it is preferable to the algorithm by Lee.
When the spread r of the data around the true curve
increases, the median Fréchet distance of estimate in-
creases, too. This was to be expected, because the es-
timate follows the random data, not the hypothetical
true curve.

For our new algorithm, we also evaluated the qual-
ity of the estimated order by means of Spearman’s ρ.
It should be noted that in this case, the time stamps
underlying the simulation not necessarily represent a
ground truth order, because, with increasing random
spread r, the point order can be increasingly spatially
inverted. The decrease of the sorting accordance with
increasing r as seen in Fig. 9 was thus expected. It is
interesting to note, however, that the refinement step
improves the sort accuracy in all cases and that the
algorithm with refinement is less sensitive to the ran-
dom spread than the algorithm without refinement.

A runtime comparison of our algorithm and Lee’s
Algorithm only makes sense for the simulated curve
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Figure 10: Runtime in seconds averaged over 100 runs as a
function of the spread r for the simulated curve b⃗(t).

b⃗(t), because, on the other curves, Lee’s algorithm of-
ten terminated prematurely which resulted in a shorter
runtime, but the curves were incomplete. As can
be seen in Fig. 10, Lee’s algorithm is faster, but be-
comes slower with increasing spread. The runtime of
our algorithm, on the contrary, is unaffected by the
spread of the point cloud and becomes even slightly
faster with increasing spread. This means that with
increasing spread our algorithm outperforms Lee’s al-
gorithm.

The runtime difference becomes even more dis-
tinct if measured as a function of the number n of in-
put points. We have not changed the length of curve
b⃗(t) while increasing n, which means that we not only
increased the number of points, but also the point den-
sity. Note that we implemented both algorithms in
Python, which results in a considerably slower run-
time than an optimized implementation in, e.g., C++.
Nevertheless the order of the runtime complexity as
a function of n remains the same. As can be seen
in Fig. 11, Lee’s algorithm is faster for small n, but
increases with a higher power than our algorithm.
A closer analysis of the algorithms and the runtime
curves showed that Lee’s algorithm has an average
runtime of order O(n3). Although our algorithm has
a worst case runtime of O(n3), too, this reduces to an
average runtime of only O(n3/2) because the multi-
plicity index µ is of order O(

√
n) as the density in-

creases, which means that the highest index of the
MST distances is of order O(

√
n) and the number of

chosen neighbors is on average proportional to µ, too.

4.3 Problems

Although our algorithms worked well in the exam-
ples presented in this article, it still has problems in
two cases. The first, less severe, problem is that the
curve fit at the end points is bend towards the end-
points of the longest path in the MST. Depending on
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Figure 11: Average runtime in seconds as a function of the
number of points.
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Figure 12: Example of an erroneous result of our algorithm
on a self-intersecting curve.

the point density, these end points can vary randomly,
which can result in suboptimal fits at the end points,
especially in denser point clouds. An example can be
seen in Fig. 3.

The other, more severe, problem is that our algo-
rithm fails to approximate the curve if the curve inter-
sects or touches itself, because in these cases the MST
“splits” at the touch point and the curve fit fails. An
example can be seen in Fig. 12. Addressing this prob-
lem requires a different approach and is an interesting
subject for further research.

5 CONCLUSIONS

Assigning time stamps to points in a point cloud along
the longest path (diameter) in the Euclidean minimum
spanning tree is a simple idea that has proven useful,
both for ordering the points and for fitting a curve. In
our experiments with ground truth time stamps, the
resulting point order was in good agreement with the
true point order. Using the MST edge distances as a
predictor for a locally weighted regression is a simple
curve fitting method from unordered point clouds. In
our experiments it was more robust than Lee’s algo-
rithm with respect to sharp bends in the curve bends,
and it has a lower runtime complexity.
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A drawback of our algorithm is that it does not
work in the case of self-intersecting or self-touching
curves, because then the longest path does not cover
some branches in the MST. This might be solved by a
split and merge approach like that described by Arn-
ing et al. in the post-processing of MST-based cluster-
ing (Arning et al., 2025), but this is a difficult problem
that requires a more thorough investigation.
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